Abstract. Given a projective variety X ⊂ P n of codimension k + 1 the Chow hypersurface Z X is the hypersurface of the Grassmannian Gr(k, n) parametrizing projective linear spaces that intersect X. We introduce the tropical Chow hypersurface Trop(Z X ). This object only depends on the tropical variety Trop(X) and we provide an explicit way to obtain Trop(Z X ) from Trop(X). We also give a geometric description of Trop(Z X ). We conjecture that, as in the classical case, Trop(X) can be reconstructed from Trop(Z X ) and prove it for the case when X is a curve in P 3 . This suggests that tropical Chow hypersurfaces could be the key to construct a tropical Chow variety.
Introduction
Given a variety X ⊂ P n of codimension k + 1 its associated Chow hypersurface is the hypersurface of the Grassmannian Gr(k, n) of k-dimensional linear subspaces of P n defined by:
Chow hypersurfaces were first introduced by Cayley in [1] for curves in P 3 and then generalized by Chow and Van der Waerden in [2] . The main feature of the Chow hypersurface is that it is the vanishing locus of a single polynomial equation, called Chow form, which uniquely determines the original variety X. In this paper we introduce a tropical Chow hypersurface and we study some of its properties.
The Chow polytope P ch X ⊂ R n is the weight polytope associated to the Chow form ch X . Kapranov, Sturmfels and Zelevinsky studied in [8] the relation between the Chow polytope and the initial degenerations of X.
The codimension-one skeleton of the normal fan of P ch X was studied by Fink in [4] as a natural candidate for a tropical Chow hypersurface. However, unlike in the classical case, this tropical hypersurface does not determine the original variety.
In this paper we present a different approach to tropicalize the Chow hypersurface. We define, by analogy with the classical case, the tropical Chow hypersurface in the tropical Grassmannian TrGr(k, n): Z Trop(X) := {Λ ∈ TrGr(k, n) | Λ ∩ Trop(X) = ∅}.
If we embed Gr(k, n) in the projective space P ( n+1 k+1 )−1 via the Plücker embedding we can also construct the tropical variety Trop(Z X ).
Theorem 1. We have the following equality of sets:
Trop(Z X ) = Z Trop X .
Our main result concerns the structure of Trop(Z X ). We define ϕ to be the linear map ϕ : R n+1 /R → R N /R defined by ϕ(a 0 , . . . , a n ) = ( i∈I a i ) I . Let ψ be the toric morphism associated to ϕ. This is the monomial morphism defined by ψ(x 0 , . . . , x n ) = ( i∈I x i ) I . We denote by ⋆ the Hadamard product and by + the Minkowski sum (for their definitions see Section 2). We also denote by G u the variety G u := {L ∈ Gr(k, n)|[1 : . . . : 1] ∈ L} and by Γ 0 the tropical variety Γ 0 := {Λ ∈ TrGr(k, n)|(0, . . . , 0) ∈ Λ}.
Theorem 2. Let X ⊂ P n be an algebraic variety that intersects the torus T n . Then we have the following equalities:
We prove that the map that sends Trop(X) to Trop(Z X ) is injective in the case that X is a curve in P 3 . We conjecture that this holds for any variety X. In particular, the argument used in [4] to show the non-injectivity of their construction does not work here.
In the last section we describe an application to the study of tropicalization of families of varieties.
Notation. We set throughout the paper N = n+1 k+1
. The Grassmannian Gr(k, n) parametrizes k-dimensional projective linear spaces in P n , and it is naturally embedded in P N −1 via the Plücker embedding. The coordinates of P N −1 are indexed by the collection of all subsets of cardinality k + 1 of [n + 1] = {0, . . . , n}, we denote this collection by
. We denote by T n the embedded torus T n := {[x 0 : . . . : x n ] | x 0 · . . . · x n = 0} ⊂ P n . Moreover, given an algebraic variety X ⊂ P n we use the notation X • = X ∩ T n .
We write R n+1 /R for the quotient of R n+1 by the one-dimensional linear space generated by the vector (1, . . . , 1). Given a variety X ⊂ P n we will denote by Trop(X) ⊂ R n+1 /R the tropicalization of X • . By a slight abuse of notation, we also refer to Trop(X) as the tropicalization of X.
We work over an algebraically closed field K with a non trivial valuation val : K \ {0} → R. We denote by Γ val ⊂ R the image of val and we say that a point p ∈ R n+1 /R is Γ val -rational if it has a representative in Γ n+1 val .
Tropical Chow Hypersurfaces
In this section we begin by describing the structure of the Chow hypersurface Z X and then define a tropical Chow hypersurface.
We denote by L z the linear space corresponding to a point z ∈ Gr(k, n). Given a variety X ⊂ P n of dimension n − k − 1 the Chow hypersurface associated to X is
For a complete exposition of the main properties of Z X see [5] . For a quick and more concrete introduction we suggest [3] . If X is irreducible of degree d, then Z X is an irreducible hypersurface of the Grassmannian Gr(k, n) of degree d (see, for example, [5, Chapter 2, Proposition 2.2]). The torus T n naturally embeds in T N −1 via the following regular map:
For x ∈ P n we denote by G x the subvariety of the Grassmannian Gr(k, n) defined by
Given two quasi-projective varieties X, Y ⊂ P n , their Hadamard product X ⋆ Y ⊂ P n is defined to be the closure in the Zariski topology of the set
Given two points x = [x 0 , . . . , x n ] and y = [y 0 , . . . , y n ] in P n , whenever it is well defined, we also denote by x ⋆ y ∈ P n the point with coordinates [x 0 y 0 , . . . , x n y n ]. For a variety X ⊂ P n we consider the set of linear spaces intersecting X in the torus
Lemma 2.1. Let X ⊂ P n be an irreducible variety of dimension n − k − 1, and let
Proof. There is a natural action of the torus T n on the torus T N −1 . For y ∈ T n this action is defined by the multiplication map
The multiplication map m y is the Hadamard product with ψ(y). It can be extended to an automorphism of P N −1 with inverse m y ′ , for y ′ = [y ] associated to this torus action, as a consequence m y preserves the Grassmannian.
We claim that, for x ∈ P n , if we restrict m y to G x we get an isomorphism
To prove this we just need to show that m y (G x ) ⊂ G x⋆y , as the claim will then follow from the analogous statement for m y ′ . Fix a point p ∈ Gr(k, n). The coordinates p I of p arise as the determinants of the maximal minors of some k × n matrix has determinant p I i∈I y i = (m y (p)) I which shows that the linear space corresponding to m y (p) ∈ Gr(k, n) is the rowspace of A p⋆ψ(y) . By assumption x lies in the linear span of the rows of A p , so there exists some m ∈ K k+1 such that j m j a j,i = x i for i = 0, . . . , n. The entries a
. . , n proving the claim.
We can now conclude the proof of the first part of the statement. A point z ∈ Gr(k, n) is in Z X • if and only if there is a point x ∈ X
• such that x ∈ L z . The latter condition is, by definition, equivalent to z ∈ G x so that, by Equation (2), we can find a y ∈ G u with z = m x (y). As m x (y) = ψ(x) ⋆ y we have that
We now prove the last statement. We have that Z X is irreducible as X is (see
Remark 2.2. It is useful to notice that the morphism ψ(
defined by (x, y) → x ⋆ y is generically one-to-one. This is equivalent to the wellknown fact that a generic linear space L z with z ∈ Z X intersects X in a unique point.
We now establish a tropical version of Lemma 2.1. A tropical variety Σ ⊂ R n+1 /R of dimension n − k − 1 is a balanced weighted Γ val -rational polyhedral complex of pure dimension n − k − 1. A detailed introduction to this notion can be found in [9, Chapter 3] . There, however, the name tropical variety is restricted to polyhedral complexes that arise as Trop(X) for some X ⊂ T n .
We recall the notion of Minkowski sum for polyhedral complexes. Given two polyhedra σ 1 , σ 2 of dimension d 1 and d 2 and weight m σ 1 and m σ 2 , their Minkowski sum is defined, as a set, to be
The weight m σ 1 +σ 2 of σ 1 + σ 2 is defined to be
where N σ denotes, for a cone σ ⊂ R n+1 /R, the lattice generated by the integer points of σ.
The Minkowski sum Σ 1 + Σ 2 of two polyhedral complexes Σ 1 , Σ 2 ⊂ R n+1 /R of pure dimension is defined as a set to be the Minkowsi sum of the underlying sets of Σ 1 and Σ 2 . The set Σ 1 + Σ 2 is actually a polyhedral complex, and we can give it a polyhedral complex structure so that, for any σ 1 ∈ Σ 1 and σ 2 ∈ Σ 2 , the polyhedron σ 1 + σ 2 is a union of polyhedra of Σ 1 + Σ 2 . If Σ 1 and Σ 2 are weighted, then we define the multiplicity of a polyhedron σ ∈ Σ 1 + Σ 2 to be
where the polyhedron
The Minkowski sum of tropical varieties is the tropical analogue of the Hadamard product of algebraic varieties in the following sense. Given two varieties X, Y ⊂ T n , if the map X × Y → X ⋆ Y is generically one-to-one, then we have (see [9, Theorem 5.5 .11]):
The Plücker embedding realizes the Grassmannian Gr(k, n) as a subvariety of the projective space P N −1 . This allows us to define the tropical Grassmannian TropGr(k, n) as the tropicalization Trop(Gr • (k, n)) of the intersection of Gr(k, n) with the embedded torus T N −1 ⊂ P N −1 . The tropical Grassmannian is a parameter space for tropical varieties Trop(L) where L is a linear space whose Plücker coordinates are all different from 0. This condition comes from the fact that we are considering the tropicalization of the intersection Gr
• (k, n) of Gr(k, n) with the torus T N −1 . For the rest of the paper we refer to those tropical varieties as tropicalized linear spaces.
Given a point p ∈ TrGr(k, n), we denote by Λ p ⊂ R n+1 /R the tropicalized linear space corresponding to it.
Consider a Γ val -rational point p ∈ R n+1 /R and the tropicalized linear space Λ q ⊂ R n+1 /R corresponding to the point q ∈ TrGr(k, n) ⊂ R N /R. We pick a point x with valuation val(x) = p and a linear space L with Trop(L) = Λ q . Equation (6) implies that the translation {p}+Λ q of Λ q by p is the tropicalization of the Hadamard product {x} ⋆ L.
Lemma 2.4.
(1) The tropical variety Γ p does not depend on the choice of the point x.
We have the following equality of subsets of R n+1 /R
Proof. Given x, y ∈ T n , we have seen in the proof of Theorem 2.1 that
n ]. If val(x) = p and val(y) = q then val(x ⋆ y −1 ) = p − q, and so, by Equation (6), the equality G x = ψ(x ⋆ y −1 ) ⋆ G y tropicalizes to Γ p = ϕ(p − q) + Γ q . This proves (2) and, as a particular case when p = q, (1).
We now prove (3). One implication is trivial: if Λ = Trop(L) and x ∈ L then val(x) ∈ Λ. On the other hand if Λ = Trop(L) and val(x) ∈ Λ then, by the Fundamental Theorem of Tropical Geometry ([9, Theorem 3.2.5]), there exists y ∈ L with val(y) = val(x). We have that
To conclude, (4) is a consequence of (3) as, for any fixed x with val(x) = p, we have
Remark 2.5. Given p ∈ R n+1 /R not necessarily Γ val -rational, we can define Γ p to be the weighted polyhedral complex ϕ(p) + Γ 0 . This is consistent with Definition 2.3.
One consequence of Lemma 2.4, and in particular of point (3), is that the support set of Trop(Z X ) can be described in terms of Trop(X). Take a Γ val -rational point p ∈ Trop(X) and suppose that a tropicalized linear space Λ intersects Trop(X) at p. Then there is a point x ∈ X with valuation val(x) = p. Using Lemma 2.4 we see that there exists a linear space L ⊂ P n , with Λ = Trop(L), that contains x. This shows the following equality of sets:
For any subset S ⊂ R n /R, a tropicalized linear space Λ p is intersects S if and only if p ∈ Γ s for some s ∈ S. By Lemma 2.4, Γ s = ϕ(s) + Γ 0 , and we get another equality of sets:
Combining Equation (7) and Equation (8) we get that
This is actually not just an equality of sets, but an equality of tropical varieties as the following Theorem shows.
Theorem 2.6. Let X be of pure dimension n−k−1 and assume none of its irreducible components is contained in V(x 1 · . . . · x n ). We have the following equality of tropical varieties:
Proof. Let u = [1 : . . . : 1] ∈ T n and let ψ be the map defined by Equation (1).
As ψ is a monomial morphism we have that, see [9, Corollary 2.6.10], Trop(ψ(X • )) equals Trop(ψ) (Trop(X)) ⊂ R N /R where Trop(ψ) is the linear map Trop(ψ) :
We have Trop(ψ) = ϕ and hence Trop(ψ)(Trop(X)) = ϕ(Trop(X)). The result follows immediately from Lemma 2.1, Remark 2.2 and Equation (6). Theorem 2.6 allow us to define a notion of associated hypersurface for any tropical variety of pure dimension. We remind that by tropical variety we mean balanced weighted Γ val -rational polyhedral complex, in the sense of [9, Theorem 3.3.5].
Definition 2.7. Given a tropical variety Σ ⊂ R n+1 /R, the tropical Chow hypersurface Z Σ ⊂ R N /R associated to Σ is defined to be
Let V ⊂ R n+1 /R be the support of a pure-dimensional fan. We denote by A k unbal (V ) the set of pure codimension-k Q-weighted Γ val -rational polyhedral complexes whose support is contained in V , and by A k (V ) the set of pure codimension-k balanced Qweighted Γ val -rational polyhedral complexes whose support is contained in V . The support set of a weighted polyhedral complex is the union of all maximal polyhedra that have non-zero multiplicity. As usual in tropical intersection theory, two weighted polyhedral complexes (Σ 1 , m 1 ) and (Σ 2 , m 2 ) are identified if their polyhedral complexes Σ 1 and Σ 2 have the same support set, and if, moreover, given two maximal dimensional polyhedra σ 1 ∈ Σ 1 and σ 2 ∈ Σ 2 whose relative interiors intersect, their multiplicity m 1 (σ 1 ) and m 2 (σ 2 ) are the same. In other words we identify weighted polyhedral complexes that are the same up to the choice of polyhedral structure. This also means that we can freely add and remove polyhedra with multiplicity 0 without changing the polyhedral complex, and that a polyhedral complex is 0 if and only if all its polyhedra have multiplicity 0.
The set A k unbal (V ) is a vector space over Q (this is the main reason to consider rational weights rather than integer). The sum (Σ, m) of two weighted polyhedral complex (Σ 1 , m 1 ) and (Σ 2 , m 2 ) is defined as follows. The support set of Σ is Σ 1 ∪ Σ 2 . Up to subdividing Σ 1 and Σ 2 it can be given a polyhedral complex structure such that every polyhedron σ ∈ Σ is a polyhedron of Σ 1 or Σ 2 (or both). The multiplicity m(σ) of a polyhedron σ ∈ Σ is defined to be m 1 (σ) + m 2 (σ), where m 1 (σ) (resp. m 2 (σ)) is defined to be 0 if σ is not a polyhedron of Σ 1 (resp. Σ 2 ). For x ∈ Q, the multiplication of (Σ, m) by k is the weighted polyhedral complex (Σ, k · m), where k · m is the weight defined by (k · m)(σ) = k · m(σ) for any maximal polyhedron σ ∈ Σ.
As every polyhedral complex is a finite union of polyhedra we have that, using the operations just defined on A k unbal (V ), any weighted polyhedral complex can be written as sum of weighted polyhedral complex whose support is a single polyhedron. Moreover, as the scalar multiplication acts as multiplication on the weight, the set of polyhedral complexes made of a single codimension k polyhedron, with multiplicity one is a set of generators for A k unbal (V ).
We also have a vector space structure on A k (V ), inherited from the structure on A
We now prove that this is a linear transformation by showing that its extension , n) ) is linear. The linearity of Z ′ on fan that consists of a single cone follows immediately from the linearity in m 1 of Equation (5). As single polyhedra span A k unbal (R n+1 /R), Z ′ is linear and then so is Z.
From tropical Chow hypersurface to tropical variety
In this section we address the question whether it is possible to recover the tropical variety Trop(X) from the tropical Chow hypersurface Trop(Z X ) or, in other words whether the map (9) is injective.
The hypersurface Z X is the vanishing locus in the Grassmannian of a single polynomial in the ring of polynomials in the Plücker variables
]. The coordinate ring of the Grassmannian K[Gr(k, n)] is the quotient of K[p I ] by the Plücker ideal. The class ch X of this polynomial in K[Gr(k, n)] is uniquely determined by X, and it is called Chow form of X.
Different lifts of ch(X) to
] have different Newton polytopes in R N /R, so that there is not a natural notion of Newton polytope for the Chow form ch X . There is, however, a polytope in P ch X ⊂ R n+1 /R, called Chow polytope. This is the weight polytope associated to the natural action of T n on K[Gr(k, n)]. Explicitly, given a monomial p
its weight is
a I e I ∈ R n+1 /R, where e I = i∈I e i and e 0 , . . . , e n is the image of the standard basis of R n+1 in R n+1 /R. For any lift ch X ∈ K[p I ] of the Chow form ch X we can write ch X = c 1 + . . . + c l , where each c i is a sum of monomials with the same weight p i . The Chow polytope P ch X is the convex hull of the weights p i , for every i such that [c i ] = 0. 
where [c i ] denotes the class of c i modulo the Plücker ideal, such that the Chow Polytope P X is the convex hull of the weights of its monomials. In other words, P X is the projection of the Newton polygon of this lift under the linear map that sends the vector e I ∈ R N /R to i∈I e i ∈ R n+1 /R.
The codimension-one skeleton N 1 (P X ) of the (inner) normal fan of P X was studied by Fink in [4] . In particular he proved a Minkowski sum decomposition for N 1 (P X ) which we now recall.
The linear space Λ 0 corresponding to the origin 0 ∈ TropGr(k, n) is called the standard tropical linear k-plane. The rays of Λ 0 are pos(e 0 ), . . . pos(e n ), and every subset of k rays spans a maximal cone of multiplicity one of Λ 0 .
Denote by −Λ 0 the image of Λ 0 under the map − id R n+1 /R : p → −p. Then we have (see [4, Theorem 5 
In particular Equation (10) can be obtained by intersecting the equality of Theorem 2.6 with H.
Proof. Fix a point z 0 ∈ Gr(k, n) with val(z 0 ) = 0. We consider the morphism
We choose a lift ch
] of ch X with the property of Remark 3.2. Let A z 0 be the subvariety of T n defined by
is in Z X if and only if ch X (j z 0 (x)) = 0. Denote by F the polynomial defined by F (x) := ch X (j z 0 (x)). We have A z 0 = V(F ) ⊂ T n . We claim that Newt(F ) = P X , so that Trop(A z 0 ) = N 1 (P X ). Indeed, the monomials of F are obtained, up to coefficient, from the monomials of ch X by the ring homomorphism defined by p I → i∈I x i . In particular the degree of a monomial of F equals the weight of the corresponding monomial of ch X . The claim follows from Remark 3.2.
We can now prove 1 by showing that the two sets have the same Γ val -rational points. Let v ∈ N 1 (P X ) be a Γ val -rational point and fix any point z 0 ∈ Gr(k, n) with val(z 0 ) = 0. Then there exists some x ∈ A z 0 with val(x) = v, in particular j z 0 (x) ∈ Z X and, as val(j z 0 (x)) = val(ψ(x) ⋆ z 0 ) = ϕ(v) + 0 = ϕ(v), we have ϕ(v) ∈ Trop(Z X ). Conversely given a Γ val -rational point ϕ(v) ∈ Trop(Z X ) ∩ H we can find z ∈ Z X with val(z) = ϕ(v). Let x ∈ T n be any point with valuation v, and let z 0 = ψ(x) −1 ⋆ z, where by ψ(x) −1 we mean the point in P N −1 whose i-th coordinate is the inverse of the i-th coordinate of ψ(x). Then x ∈ A z 0 as j z 0 (x) = z ∈ Z X , so that v = val(x) ∈ N 1 (P X ). This concludes the proof of 1. The tropical variety Trop(X) is contained in N 1 (P X ). Unfortunately, it is impossible to recover Trop(X) from N 1 (P X ). In [4] Fink gave an example of two distinct tropical surfaces Σ 1 , Σ 2 in R 5 /R, such that Σ 1 + (−Λ 0 ) = Σ 2 + (−Λ 0 ). They are depicted in Figure 1 . Computing Z Σ 1 = ϕ(Σ 1 ) + Γ 0 and Z Σ 2 = ϕ(Σ 2 ) + Γ 0 , for example with the package Polyhedra in Macaulay2 ([6]), we see that (3, 6, 3, 3, 0, 3, 6, 3, 6, 3) . One can check that Λ 1 intersects Σ 1 at the point (6, 8, 6, 11, 8) but it does not intersect Σ 2 , while Λ 2 intersects Σ 2 at the point (9, 8, 9, 11, 11) but it does not intersect Σ 1 . This fact suggests the following conjecture. 4) .
The conjecture is false if we state it in term of equalities of sets rather than tropical varieties. The following example shows two different tropical varieties Σ 1 and Σ 2 with different support sets |Σ 1 | = |Σ 2 |, such that Z Σ 1 and Z Σ 2 have the same support set and only differ in the multiplicities. Remark 3.6. The difference in the support of Σ 1 and Σ 2 is in the ray pos(0, 1, 0, 0). This is not a coincidence and we will show in Remark 3.10 that, in the case of curves in R 4 /R, the support of Z Σ determines the support of Σ outside Λ 0 ∪ (−Λ 0 ).
In classical Algebraic Geometry the variety X can be deduced from Z X as a set via the equality
Example 3.5 also shows that this does not happen in Tropical Geometry. Set p = (0, 1, 0, 0). We have that p ∈ Σ 2 , so that Figure 3 . The tropical variety Γ 0 in R 6 /R. Points in the picture represent rays in Γ 0 and edges in the picture represent 2-dimensional cones in Γ 0 . Each point is labeled with a generator of the corresponding ray. All maximal cones have multiplicity one.
Curves in space.
In the last part of this section we prove Conjecture 3.4 for space curves whose support is a fan. This property is not uncommon: if K is a field extension of a field with trivial valuation k, then all the tropicalizations Trop(X) of varieties X defined over k are supported on a fan. This is the case, for example, of varieties defined over C, when we consider the field K = C{{t}}.
We denote by e 0 , e 1 , e 2 , e 3 the images of the vectors of the standard basis of R 4 in R 4 /R. The Grassmannian TrGr(1, 3) is embedded in R 6 /R. We denote by e 01 , e 02 , e 12 , e 03 , e 13 , e 23 the images of the standard basis of R 6 , and finally we write f i = ϕ(e i ) = j e i,j for i = 0, 1, 2, 3. We denote by Λ 0 the tropical standard line in R 4 /R. This is the one-dimensional fan with rays {pos(e 0 ), pos(e 1 ), pos(e 2 ), pos(e 3 )}.
We denote by Λ the set Λ = Λ 0 ∪ (−Λ 0 ). The tropical variety Γ 0 ⊂ TrGr(1, 3) is depicted in Figure 3 .1. It can be computed, for example with gfan ( [7] ) as the tropicalization of the variety G u ⊂ Gr(1, 3) of lines through the origin:
Lemma 3.7. Let H ij be the plane in R 4 /R generated by e i and e j , 0 ≤ i < j ≤ 3.
Proof. We have H ij ∩H kl = span(e i +e j ) = span(e k +e l ) if {i, j} and {k, l} are disjoint, and H ij ∩ H ik = span e i otherwise, moreover any two such lines only intersect in the origin. If we expand the right hand side we obtain Figure 4 . The tropical line corresponding to the point ϕ(v) + ae 01 + be 23 .
As in the last part of Section 2, we denote by A 0 (Λ) the set of one-dimensional balanced Q-weighted Γ val -rational polyhedral complexes in Λ and by A 1 (TrGr(k, n) ) the set of pure codimension-one balanced Q-weighted Γ val -rational polyhedral complexes in TrGr (1, 3) . These are vector spaces over Q, and we have a linear map (TrGr(1, 3) ) the space of (possibly not balanced) Q-weighted Γ valrational polyhedral complexes of dimension 3 contained in TrGr(1, 3) . The vector space A 1 unbal (TrGr(1, 3) ) contains A 1 (TrGr(1, 3) ) as a subspace. We can extend the map (11) to the following linear map,
We claim that Z ′ is injective. By computing all the relevant Minkowski sums, we can see that for every fan F i in the given basis ofÂ 0 unbal (Λ) we can find a cone σ i ∈ Γ 0 such that ϕ(ρ i ) + σ i is a three-dimensional cone whose interior does not intersect the support of any other fan ϕ(ρ j ) + Γ 0 for j = i. For example we can choose 
Proof. We may assume that Σ and Σ ′ have the same set of rays {ρ 1 , . . . , ρ m } by allowing multiplicities to be 0. For any i we denote by m i the multiplicity of ρ i in Σ and by m ′ i the multiplicity of ρ i in Σ ′ . We need to prove m i = m ′ i for any i. Let ρ i = pos(v) be a ray of Σ and Σ ′ . We need to show that ρ i has the same multiplicity in Σ and Σ ′ . It will be enough to prove it in the case when v / ∈ Λ. Suppose that Σ and Σ ′ have the same multiplicities on all rays not contained in Λ, and consider the fan Σ − Σ ′ : this is the balanced weighted fan {ρ 1 , . . . , ρ m } where the ray ρ i has multiplicity m i − m ′ i . All the rays not contained in Λ have multiplicity 0 in Σ − Σ ′ , so that Σ − Σ ′ is an element of A 0 (Λ). In particular Σ = Σ ′ now follows from Lemma 3.8. Thus we can assume v / ∈ Λ. We claim that it will be enough to find a cone σ ∈ Γ 0 and a full dimensional subcone τ ⊂ ϕ(ρ i ) + σ, such that for any ray ρ ∈ Σ and for any cone σ ′ ∈ Γ 0 with (ρ, σ ′ ) = (ρ i , σ), the cone ϕ(ρ) + σ ′ does not intersect τ in full dimension. Given such σ and such τ , we could find a full dimensional subcone τ ′ of τ that is, for some choice of fan structure, a cone of Z Σ and, moreover, does not intersect any other ϕ(ρ) + σ ′ . The multiplicity of this τ ′ in Z Σ would be computed by Formula (5) as
We assumed that v / ∈ Λ and Λ equals, by Lemma 3.7, (H 01 ∪ H 23 ) ∩ (H 02 ∪ H 13 ) ∩ (H 03 ∪ H 12 ). Without loss of generality we may assume v / ∈ H 01 ∪ H 23 . Let σ be the cone of Γ 0 with rays generated by e 01 and e 23 , and let τ ab = pos(ϕ(v), ϕ(v) + ae 01 , ϕ(v)+be 23 ), for a, b > 0. The cone τ ab is a full dimensional subcone of ϕ(ρ i )+σ = pos(ϕ(v), e 01 , e 23 ). We claim that, for some positive α and β, the cones σ and τ αβ have the desired property. In other words, we need to prove that, for σ ′ ∈ Γ 0 , ρ ∈ Σ, the dimension of τ αβ ∩ (ϕ(ρ) + σ ′ ) is less than 3 = dim τ αβ , whenever (σ, ρ) = (σ ′ , ρ i ).
We first prove that, for σ ′ ∈ Γ 0 with σ = σ ′ , the dimension of (ϕ(ρ i ) + σ) ∩ (ϕ(ρ i ) + σ ′ ) is at most two and so, a fortiori, so is the dimension of τ αβ ∩ (ϕ(ρ i ) + σ ′ ) for any α and β. A necessary condition for dim ((ϕ( 
The fan Γ 0 is depicted in Figure 3 , and we can check that this last condition is only satisfied by four cones: σ 0 = pos(e 01 , −f 2 ), σ 1 = pos(e 01 , −f 3 ), σ 2 = pos(e 23 , −f 0 ) and σ 3 = pos(e 23 , −f 1 ). Let us now consider the cone σ 0 . It is enough to show that span(ϕ(ρ i )+σ 0 ) = span(ϕ(ρ i )+σ), and equivalently we can show that the dimension of span(ϕ(ρ i ) + σ 0 ) + span(ϕ(ρ i ) + σ) = span(ϕ(v), e 01 , e 23 , −f 2 ) is at least four. A simple computation in R 6 is now enough. The matrix with rows e 01 , e 23 , ϕ(v 0 , v 1 , v 2 , v 3 ), −f 2 , (1, 1, 1, 1, 1, 1 ) has rank less than five if and only if v 0 − v 1 = 0, which is false, as we assumed v / ∈ H 01 . Similar computations work for the cones σ 1 , σ 2 , σ 3 .
We are left to prove that, for some α and β, τ αβ intersects ϕ(ρ) + σ ′ in dimension at most two for any ρ i = ρ ∈ Σ and any σ ∈ Γ 0 . Equivalently we have to show that, for any ρ i = ρ ∈ Σ, the fan τ αβ ∩ (ϕ(ρ) + Γ 0 ) has no cone of dimension more than two.
Let P αβ be the triangle with vertices ϕ(v), ϕ(v) + αe 01 , ϕ(v) + βe 23 . As τ αβ is the cone over P αβ , it will be enough to show that every ϕ(ρ) + Γ 0 intersects P αβ in dimension at most one.
By Equation (8) the fan ϕ(ρ) + Γ 0 parametrizes tropical lines intersecting the ray ρ. As a result a point v + ae 01 + be 23 ∈ P αβ is in ϕ(ρ) + Γ 0 if and only if the line Λ ab associated to it intersects ρ. We thus need to prove that, for some α and β, the set of points ϕ(v) + ae 01 + be 23 , with 0 ≤ a < α, 0 ≤ b < β and such that the line Λ ab intersect a ray ρ of Σ different from ρ i , has dimension at most one.
The line Λ ab corresponding to a point ϕ(v) + ae 01 + be 23 ∈ ϕ(ρ i ) + σ is depicted in Figure 4 . To see this just consider the two points p 1 = ϕ(v) + (a + 1, a, 0, 0) and
, fix a realization L of Λ ab and take two points x 1 , x 2 with valuation p 1 and p 2 . The coordinate of Λ ab corresponding to the basis element e ij can now be computed as the valuation of x i y j − x j y i . This equals min{(
j for every i, j, and so one can compute that Λ ab corresponds to the point ϕ(v) + ae 01 + be 23 .
We denote by δ the union of all the tropicalized lines Λ ab for a, b ≥ 0, δ is the union of two cones pointed at v, δ = (v + pos(e 0 , e 1 )) ∪ (v + pos(e 2 , e 3 )). We have that δ is contained in the union of the affine planes (v + H 01 ) ∪ (v + H 23 ). As we assumed that v / ∈ H 01 ∪ H 23 the two affine planes v + H 01 and v + H 23 do not pass through the origin. As a result any ray ρ j intersects δ in at most two points because the line it spans intersects the two affine planes v + H 01 and v + H 23 that contain δ in at most one point each.
This gives us a finite set S ⊂ δ made of the intersection points of all the rays ρ = ρ i with δ. A line Λ ab intersects some ray ρ if and only if it contains a point p ∈ S, and we just have to prove that, for each p ∈ S, the set of points ϕ(v) + ae 01 + be 23 , with 0 ≤ a < α, 0 ≤ b < β and such that the line Λ ab contains p, has dimension at most one.
Let p ∈ δ be a point not contained in the line v + span(1, 1, 0, 0). We can assume, without loss of generality, that p ∈ v + H 01 so that p = v + c 0 e 0 + c 1 e 1 for some c 0 , c 1 ≥ 0. A tropical line Λ ab contains p if and only if a = min{c 0 , c 1 }. It follows that the set of points ϕ(v) + ae 01 + be 23 , with 0 ≤ a < α and 0 ≤ b < β and such that the line Λ ab contains the point p, is the line segment {ϕ(v) + min{c 0 , c 1 }e 01 + be 23 | 0 ≤ b < β}.
It remains to prove that the points p ∈ S contained in the line v + span(1, 1, 0, 0) are only contained in finitely many tropicalized lines Λ ab with a ≤ α and b ≤ β for some α and β. We can finally define α and β: α is the minimum positive t such that there is a point p ∈ S of the form p = v − t(1, 1, 0, 0), and β the minimum positive t such that there is a point p ∈ l of the form p = v + t (1, 1, 0, 0) . By definition no line Λ ab with a < α and b < β contain any point p ∈ S contained in v + span(1, 1, 0, 0), and this concludes the proof.
Remark 3.10. The proof of Theorem 3.9 also shows that if Z Σ and Z Σ ′ have the same support set, then the support set of Σ and Σ ′ is the same outside Λ. This is consistent with Example 3.5.
Tropicalization of families
We now give an application of tropical Chow hypersurfaces to the study of tropicalization of families of algebraic varieties. In this section we will work with trivial valuation.
Consider a family of projective algebraic curves X ⊂ A k × P 3 and denote, for a ∈ A k , its fiber by X a . We will show how to use the theory of tropical Chow hypersurfaces to answer the following question. We can associate to X a lift of the Chow form ch X ∈ K[c 1 , . . . , c k , p I | I ∈ ]. This form can be computed, for example, with the algorithm described in [3, 3.1] . It has the property that, for any a ∈ A k such that X a is a curve, a lift of the Chow form ch Xa can be obtained by substituting the c i 's with the a i 's in ch X . By a slight abuse of notation we will again denote this lift as ch Xa . ]. This stratification has as closed strata the vanishing loci of subsets of coefficients of ch X . Two points a, b in the same stratum have the same Newton polytope Newt(ch Xa ) = Newt(ch X b ) and hence, if the transversality condition of Proposition 4.1 holds, we also have Trop(X a ) = Trop(X b ). The transversality condition holds in many cases, making this argument an useful tool to approach Question 1. This is shown in the following example. visible looking at the Newton polytope of ch Xa . This happens because each strata correspond to a different set of exponents of the specialized polynomial ch Xa , but to a same Newton polytope as they have the same convex hull.
